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Abstract

Lennard-Jones type pair-interaction energies are derived for Fe–Fe, Fe–Pd and Pd–Pd nearest neighbor pairs based on the
thermodynamic data of cohesive energies, heats of formation and lattice constants. The dependency on the atomic separation is
incorporated in each interaction energy. The configurational entropy is formulated within the tetrahedron approximation of the Cluster
variation method by explicitly taking the tetragonality into account. Then, the free energy of the system is formulated as a function of
cluster probabilities up to a tetrahedron cluster, nearest neighbor atomic separations and the tetragonality. Experimental transition
temperatures of L1 -disorder are reproduced accurately by incorporating the tetragonal distortion, and a preliminary analysis suggests that0

the additional magnetic interaction leads to a stabilization of the L1 ordered phase.  2001 Elsevier Science B.V. All rights reserved.0
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1. Introduction determining stable phases. Although the elaborate first-
principles calculation is desirable to derive interaction

Precipitation strengthening by the ordered phase L1 in energies, this study is limited to empirical pair-wise0

the Fe–Pd system has been attracting broad attention [1]. interaction energies within Lennard-Jones-type interactions
Yet, the theoretical investigation of phase equilibria is not (hereafter L-J potential). In fact, the combination of L-J
sufficient to provide useful information for the design of potential with the CVM [3–5], to calculate a phase
alloys. In view of the fact that the mechanical properties diagram, has been successfully developed for various alloy
are largely influenced by atomic configuration of the systems and the scheme has been accepted as being one
ordered phase, it is desirable to employ a theory that is with reliable phenomenological methods. However, the
capable of providing detailed information on a discrete incorporation of tetragonality, which is the essential fea-
lattice. This study is motivated by such a requirement, and ture of most L1 ordered phases, has not been attempted0

the main focus is placed on modeling the L1 -disorder very much as yet, in particular for the present Fe–Pd0

phase equilibria with an emphasis on calculating a phase system.
diagram. When a constituent element is a magnetic element, as in

Theoretical calculations of phase equilibria have been the case of Fe, the magnetic interactions may affect the
advanced based on various methods. Among them, the location of phase boundaries. Unlike the case of chemical
Cluster variation method (hereafter CVM) [2] has been interaction energies, not many studies have been per-
recognized as one of the most reliable tools. The advantage formed on the effects of magnetism. In this report,
of the CVM is that the wide range of atomic correlations, preliminary studies attempted to incorporate the combined
which play an essential role in order–disorder transforma- effects of chemical and magnetic interactions within the
tions, are properly incorporated in the free energy formula. framework of cluster variation free energy.
Therefore, accurate determinations of both transformation The organization of this report is as follows. In the next
temperature and phase boundaries are expected. section, L-J type atomic interaction energies are introduced

The atomic interaction energies play a crucial role in and the ground state analysis is attempted. An outline of
the CVM is described in the third section, and the free
energy of the present model is introduced. In the final

*Corresponding author. section, calculated phase diagrams are demonstrated, and a
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Table 1particular emphasis of the discussion is placed on the
Lennard-Jones parameters determined for the three kinds of pairseffects of magnetism.

0 ˚e (kcal /mol) r (A)ij ij

Fe–Fe pair 16.15 2.517
Pd–Pd pair 15.00 2.7442. Lennard-Jones potential and the cluster variation
Fe–Pd pair 17.04 2.710method

As shown in Fig. 1, the L1 ordered phase is well0

characterized as a layered structure along a [001] direction experimental data are mostly at finite temperatures and,
with alternative successions of (001) planes occupied by therefore, extrapolation to 0 K is indispensable. In the
either A or B atoms. The lattice site preferentially occupied present calculations, we also took the allotropic trans-
by an A(B) atom is termed the a(b) sublattice point. In 0formations involved in pure Fe into account when eFeFemost L1 ordered phases, the a and c axes differ in0 was determined. The detailed procedure used to determine
magnitude, inducing the tetragonal distortion that is char- the L-J potential will be reported elsewhere [14]. In Tables
acterized by the c /a ratio (hereafter u ). For a stoichio- 1 and 2, respectively, we provide the derived L-J parame-
metric FePd–L1 ordered compound, a slight tetragonal0 ters and the thermodynamic and structural data used. The
distortion was also confirmed and the reported value of u resultant pair interaction energies are shown in Fig. 2. One
is |0.96 [6,7]. can see that e is the deepest, indicating the orderingFePdAs was mentioned in the previous section, the atomic tendency of the system.
interaction energy is described within the Lennard-Jones- With atomic interaction energies, the internal energy per
type pair-wise potential, written as lattice point is given as

m nr rmij ij0 ] ] ]HS D S D Je (r) 5 e ? 2 ? (1)ij ij r n r
0 Table 2where e , r , m and n are Lennard-Jones’ parameters.ij ij

Employed thermodynamic and structural data in determining the Lennard-Among them, it has been well accepted that m57.0 and
Jones parameters in Table 1

n53.5 describe a metallic alloy system quite well. The
Lattice constant Cohesive energy/other parameters are determined by experimental data of ˚(A) heat of formation

cohesive energies [8,9] and lattice constants of Fe [10,11] (kcal /mol)
and Pd [10,12], heats of formation [8,9,13] and lattice

Pure Fe (fcc) 3.559 296.9constants [7] of FePd with an L1 structure. The procedure0 Pure Pd 3.880 290.0
was originally proposed for the investigation of g /g 9 phase Fe–Pd L1 a, 3.855; c, 3.714 298.50

equilibrium in a Ni–Al system [3] and, since then, various
successful calculations have been performed. In a strict
sense, data on cohesive and formation energies and lattice
constants should be data obtained at 0 K, whereas available

Fig. 2. Derived Lennard-Jones potentials for the Fe–Pd system. The
Fig. 1. Atomic configuration of the L1 ordered structure. Open and solid broken, solid and dotted lines indicate the potentials for Fe–Fe, Fe–Pd0

circles indicate A and B atoms, respectively. and Pd–Pd, respectively.
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gd gd gd gdE(hr j) 5Ov Oe (r ) ? y (2) the latter part of this report. However, reproducing theij ij
g,d i, j experimental u value mentioned above has not been

gd successful. In fact, u corresponding to the minimumwhere g and d specify sublattices a or b, v the number
gd energy is 1.044, which is an overestimate by |0.08. Theof pairs specified by superscripts in a unit cell, and r and

gd disagreement may be ascribed either to the employedy are, respectively, the interatomic distance and the pairij
experimental data or to the procedure for determining theprobability of finding an i–j pair located on a g –d

aa bb L-J potential. This point should be clarified in the future.sublattice. For the L1 ordered phase, v 5 v 51 and0
ab It is important to examine if a minimum of internalv 54, while the distinction between sublattices di-

energy of disordered solid solution can be attained at u 51,minishes for a disordered phase and the first summation is
since no tetragonality is involved in a disordered phase.replaced by the multiplication of 6. Among three kinds of

gd aa ab bb aa bb ab Then, the internal energy of a hypothetical random solidr , i.e. r , r and r , it is noted that r 5 r ± r
solution is calculated by substituting y 5 0.25, which isand the tetragonality u( 5 c /a) is equivalent to ij

]]]]] the pair probability for a complete random arrangement atab 2 aa 2 aa2(r ) 2 (r ) / r . Without the distinction of sublat-œ 50at%. The result is shown in Fig. 3 by a broken curve,
tices for a disordered phase, u should become unity. and confirms that the minimum is attained exactly at u 51.

At the ground state of the L1 ordered phase, the atomic0 The higher internal energy of a disordered solution indi-aa bbconfiguration is perfectly ordered. Hence, y 5 y 5FeFe PdPd cates that a disordered phase cannot be realized at theaby 5 1 and all other pair probabilities vanish. TogetherFePd ground state.
with the L-J potential given by Eq. (1), and by substituting The CVM has been recognized as one of the most
these values into Eq. (2), followed by minimization of the powerful tools in calculating a phase equilibrium. The
internal energy through common practice for a fcc-based system is the employment

of the tetrahedron approximation [15] in which a nearest≠E ≠EL1 L10 0
]] ]]5 5 0 (3) neighbor tetrahedron is employed as a basic cluster and theaa ab≠r ≠r atomic correlations on subclusters contained in the tetra-
one can obtain the ground-state energies as well as the hedron cluster are explicitly considered in the entropy
equilibrium value of u. The result is shown in Fig. 3 by a formula. In the present study, the resultant expression of
solid line. One confirms that the equilibrium u corre- the entropy formula is modified for a tetragonal distortion
sponding to a minimum energy deviates from unity, and is given as,
implying that a cubic structure is energetically degenerat- 5gd gd a b]ing and an introduced freedom of two distinctive lattice S 5 k O v O L( y ) 2 O (L(x ) 1 L(x ))FL1 B ij i i0 2gd i, j iconstants lifts the degeneracy leading to a lower energy
state. It is stressed that this point has been overlooked in aabb

2 2 O L(w ) 1 1 (4)Gijklmost previous calculations involving L1 phase equilibria.0 i, j,k,l

The effects on resultant phase boundaries are discussed in
where x and w represent point and tetrahedron cluster
probabilities, respectively, of finding the atomic configura-
tion specified by subscripts on the sublattice indicated by
superscripts. For a disordered phase, a conventional tetra-
hedron approximation given by the following formula is
employed,

S 5 k 6 O L( y ) 2 5 O L(x ) 2 2 O L(w ) 1 1dis B ij i ijklF G
i, j i i, j,k,l

(5)

Note that both formulae are defined per lattice point.
The free energy of the L1 phase is given as the sum of0

the internal energy defined in Eq. (2) and the entropy in
Eq. (4), and is symbolically written as

gd g gd aabb gd gdF(he (r )j,hx j,hy j,hw j) 5 E(he (r )j,hy j) 2 Tij i ij ijkl ij ij

g gd aabb gd g gd aabb
? S(hx j,hy j,hw j) 5 F(hr j,hx j,hy j,hw j) (6)ij ij ijkl i ij ijkl

The minimization of the above free energy is performed
gd aabbwith respect to hr j and hw j under normalization andijklFig. 3. Ground-state energies for a perfect L1 ordered phase and a0 aabb ggeometrical conditions that interrelate hw j with hx jcompletely random disordered phase as a function of tetragonality u( 5 c / ijkl i

gd
a). and hy j,ij
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However, the present scheme is not fully successful in≠F ≠F ≠F
]]] ]] ]]5 5 shifting the entire boundary to the Pd-rich side. Theaaaabb ab* * *aa ab ab aabb aa aabb≠rT,r ,r T,r ,hw j T,r ,hw j≠hw j ≠rijkl ijklijkl discrepancy of the congruent compositions between the

present results and experimental result is still an unsettled50 (7)
problem. It is anticipated that the proper reproduction of

The superscript can be omitted for a disordered phase. It tetragonality, u, and shift of the congruent composition are
is noted that the minimization through Eq. (7) provides not interconnected problems, and that the modifications of L-J
only the equilibrium free energy but also the optimized set potentials are indispensable. Together with the multi-body
of cluster probabilities at the equilibrium state, which help interactions, more systematic investigation, including mag-
one to obtain detailed information of atomic configurations netism, is necessary for the ground state. We point out that
on a discrete lattice. this point should be well clarified with the cluster expan-

sion [16,17] of total energies obtained by the electronic
structure calculations.

3. Results and discussion

3.1. Phase diagram 3.2. Magnetic interaction

The phase diagram is demonstrated in Fig. 4. The In most transition metal alloys, a magnetic transition
broken lines indicate the phase boundaries without tetra- characterized by Curie temperature takes place at a tem-
gonal distortion while the solid lines are the phase perature below the phase boundary. For a system in which
boundaries with tetragonal distortion. The experimental the Curie temperature is located close to the phase
boundaries are shown by dotted lines [13]. This figure boundary, one may anticipate that the magnetic transition
confirms that, with the introduction of tetragonal distortion, would affect the order–disorder transition temperature. In
the experimental transition temperature is well reproduced. the present calculations, attempted for the Fe–Pd alloy,
This can be explained in the following manner. only the chemical interactions within the L-J potential

When the tetragonal distortion is neglected, the internal were considered. In view of the relatively high Curie
energy of the L1 phase is evaluated at u 5 1, which temperature reported for this system [13], it is desirable to0

corresponds to P in Fig. 3. Whereas, by introducing the incorporate the magnetic interaction into the calculation.
tetragonality, the internal energy is lowered, down to the However, derivation of the magnetic interaction energy
bottom of the curve, and the L1 phase is further stabi- and full calculation of a phase diagram with chemical and0

lized. In fact, the introduction of the tetragonal distortion magnetic interactions are quite difficult tasks. Therefore, in
provides the system with the freedom of two different the following, we attempt a preliminary analysis.
atomic distances. The increased freedom allows the system Within the spirit of the CVM, the up and down spins can
to shift to a lower energy state. be dealt with as different chemical species. Then, for a

binary alloy system A–B, where species A is magnetic and
B is non-magnetic, the system can be regarded virtually as
a A –A –B ternary system where the subscripts u and du d

represent up and down spins, respectively. Both the
internal energy and entropy formulae given by Eqs. (2)
and (4) are readily extended to a ternary system by running
the subscripts i, j, k and l from 1 to 3 instead of from 1 to
2 for a binary system. The numerical minimization of the
resultant free energy formula becomes a bit more compli-
cated but the essential procedure is the same as in a binary
system.

In the present preliminary calculations, instead of em-
ploying the L-J potential he (r)j, r-independent pair-wiseij

interaction energies he j are introduced. The employedij

energy values are tabulated in Table 3. As will be
described, the interaction energy, e, between up and down
spins of species A is a variable and other variables are
fixed. When e is unity, there is no distinction for species
A and A , and the system is reduced to the original binaryu dFig. 4. Phase boundaries for disorder–L1 transition for an Fe–Pd0 system. For this case, the L1 –disorder transition tempera-0system. The solid and broken lines, respectively, indicate the phase
ture at the 1:1 stoichiometric composition is determined toboundaries with and without tetragonal distortion, while the dotted lines

are the experimental ones. be k ? T /v 5 1.893, where v is the nearest neighborB 2 2
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Table 3
aPair-wise interaction energies

A A Bu d

A 1 ´ 21u

A ´ 1 21d

B 21 21 1
a The interaction energy, ´, between up and down spins is a variable.

effective pair interaction energy, defined as v 5 (e 12 AA

e ) /2 2 e .BB AB

In Fig. 5, the three kinds of representative spin configu-
rations studied in the present investigation are shown. Both
the top and bottom (001) planes are occupied by A atoms

Fig. 6. Ground-state energies for the three spin configurations shown infor which three different spin configurations are indicated,
Fig. 5 as a function of pair-wise interaction energy, e, between up andwhile the intermediate (001) plane is occupied by non-
down spins. Solid, broken and dotted lines correspond to para-, ferro and

magnetic B atoms. It is noted that ↑↓ in configuration 3 anti-ferro configurations, respectively.
indicates that a lattice point is occupied by up and down
spins with equal probability. When one focuses on a single
(001) plane of A atoms, configurations 1, 2 and 3 represent
anti-ferromagnetic, ferro-magnetic and paramagnetic con-
figurations, respectively.

Fig. 6 demonstrates the ground-state energies for these
three configurations as a function of e. Solid, broken and
dotted lines indicate para, ferro and anti-ferro configura-
tions, respectively. These are calculated based on Eq. (2)
by neglecting the dependence on r. One can see that all
three configurations degenerate energetically at e 51 and,
above (below) this value, the ferromagnetic (anti-ferromag-
netic) configuration becomes most stable. The deviation of

Fig. 7. Temperature dependences of nearest-neighbor pair probabilitiese from unity is regarded as the contribution of the
for like spin (up–up1down–down) and unlike spin (up–down) pairs. Themagnetic interaction.
former is indicated by solid and the latter by dotted lines. The temperatureThe present calculations for finite temperatures were
axis is normalized with respect to the nearest neighbor effective pair

attempted at a fixed composition of 1:1 stoichiometry. In interaction energy.
order to simulate the Fe–Pd system, we investigated the
case of e 51.01 for which the additional magnetic inter-
action energy is regarded as 0.01 and the ground state is
ferromagnetism. The temperature dependences of two probabilities of like spin pairs ( y 1y ) are muchA A A Au u d d

kinds of pair cluster probabilities at 1:1 stoichiometry are larger than those of unlike spin pairs ( y ) in the lowA Au d

shown in Fig. 7. The solid line is the sum of and y and temperature region, indicating that the ferromagnetic con-A Au u

y while the broken line indicates y . One sees that figuration is predominant. Two curves merge with increas-A A A Ad d u d

Fig. 5. Three representative spin configurations on an a-sublattice with an L1 ordered structure. (1), (2) and (3) correspond to anti-ferro, ferro and0

paramagnetic configurations, respectively.
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